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M(n, d) denotes a maximal set of n-place binary sequences with 
entries 0 and 1 such that the ttamming distance between any two 
sequences of the set is at least d. I M(n, d) I denotes the number of 
sequences in the set M(n, d). In this paper we obtain some lower 
bounds for I M(n, d) [ for special values of n and d. The results are 
better than t.he known results due to Gilbert. 
SECTION I 
Let C~ denote the set of all n-place binary sequences formed out of 
the symbols 0 and 1. The Hamming distance ~(a, ~) between two se- 
quences a and ~ of C. is defined to be the number of places where they 
differ from each other. By an n-place binary code with minimum dis- 
tahoe d we mean any subset A of C~ such that the distance between 
any two members of A is at least d. A code is called maximal if no other 
code with the same minimum distance has a larger number of elements. 
An n-place maximal code with minimum distance d will be denoted by 
M(n, d) and the number of elements in it by I M(n, d) l. 
In this paper we make use of the properties of the Legendre Symbol 
(x/p). Consequently it is convenient to consider binary sequences with 
entries 1 and --1 in place of sequences with entries 1 and 0. The above 
definition of the distance between two sequences till holds. 
The properties of quadratic residues for the construction of binary 
codes were first used by Plotkin (1951) to prove his, by now, weli known 
result that I M (4m, 2m) I = 8m whenever 4m - 1 is a prime. His proof 
is considerably simplified by the use of the Legendre Symbol. We give 
in Section I I  such a simplified version of his proof. In Section I I I  the 
same method is used to obtain some new lower bounds for l M(n, d) 1 
for special values of n and d. 
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SECTION. II 
LEMMA 1. Let A be an n-place binary code with minimum distance d. 
If  the distance between any two members of A does not exceed D then 
lM(n, dl) l > 21Al  
where d' = rain ( d, n - D) and I A { denotes the number of elements in A. 
PeooF: Let A' be the set of sequences obtained by replacing 1 by -1  
and -1  by 1 in the sequences of A. Then A u A' has minimum distance 
d' and has 2 ]A ] elements in it. 
Let p be an odd prime. The Legendre Symbol (alp) is defined as fol- 
lows: 
I 1 if a is a quadratic residue mod p, 
(P )=I - Io  ifaisaquadraticn°nresiduem°dp'if a -- 0 (mod p). 
(See, for example, Vinogradov, 1954, p. 81.) 
TH~,oe~ i (Plotkin). I f  4m - 1 is a prime then 
(M(4,n, 2.~) { > 8,m 
P~oo~: Let p = 4rn -- 1 and let 
(~)'  ~(a/p) ira ~ 0 (rood p) 
=[lifa-=0(modp) 
Consider the 4m 4m-place sequences 
Og) OL 0 , • • • ~ O~p_ 1 
where 
= ( -1 , -1 , . - . , -1 )  
({1-} - j~ '  (2q- jy  . . .  (p~j ) '  _1 )  0<j<p_ l  
~=\ \  v l '  \ p / ' ' ' = = 
Now 1 q- j, 2 q- j, • • • , p q- j is a complete residue system rood p for 
each fixed j. I t  follows that each sequence a~. has the entry 1 in exactly 
2m places, so that 8(a, a~.) = 2m. 
Let 0 < j # /a < p -- 1. Then multiplying a~ and a~ term by term 
and adding we get 
LOWER BOUNDS ON THE NUMBER OF CODE POINTS. [ 315  
Since p]~ -1  (rood 4), it follows that 1 + ( - - l /p)  = 0. Moreover 
(See Vinogradov, 1954, p. 97.) Thus ~he above sum is zero. E~ch place 
where aj and a~ differ contributes -1  to this sum and each place where 
they agree contributes 1. It follows that 5(aj ,  ak) = 2m. The theorem 
now follows by applying Lemma 1. 
Since, by another theorem (Plotkin, 1951), ]M(4m, 2.0/=< 8m, 
we have 
COROLL.~.RY: ] M(4m, 2m) ] = 8m. 
SECT ION I11 
THEOREM 2. I f  p = 4m + 1 is a prime then 
(i) ] M(4m, 2m) I => 4m -t- 2, 
(ii) ] M(4m, 2m -- 2) ] > 8m + 4, 
(iii) I M(4m, 2m -- IX/p] -- 1) I > 16m + 4, p > 5. 
PI~OoF:For 1 < x N p - -  1 and0 < j  < p - -  1 we define 
(x+j  if x~p- - j ,  
z®j=~ 
[j if x=p- j .  
It. is obvious that for every fixed j, 0 < j _-< p - 1, x ® j runs through 
a reduced residue system mod p as x varies from 1 to p -- 1. 
Consider the p + 1 = 4m + 2 4m-place sequences 
where 
= (1 ,1 ,  . . .  , t )  
l@ j  ,0<j< = =p- -1  
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.-~(~?-) 
Z =0 
since x ® j runs through a reduced residue system mod p as x varies 
f roml top- -  1. Thus~(a, aj) = 2mfor0  =<j ~ p -  1. For0  < j  
k = p -- 1, let 
~-' (~) (~) Si,~ = Y] 
Then, for k ¢ O, 
~-l(x(xek)) 
So,k = 
x=l p 
x~p--k 
,÷(~)=o 
since -1  is a quadratic residue for primes of the form 4m -4- 1. 
For j ,  k ~O, j~k  
~-~(-~ ) s~.,~=~ x~j ) (x~)  
X~I p ~_1( )< 
= ~2 (~ +j) (x  +k)  + 
X~I p 
x~p--g,D--k 
v 
~-1 k - j k 
x~0 p 
k- j  k 
\0 or --4 if (k/p) = (j/p). 
Thus 
Sj,k = 0 or --4 for 0 = j  ~ k = p - -  1. 
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Now the places where % and ~k differ contribute -1  each and the 
places where they agree contribute 1 each to the sum Sj.k. I t  follows 
that 
8 (~- ,~)  = 2m or 2m+2,  0 _-< j ~ k -< p - -  1. 
Also, we have already shown that 
~(~,aj) = 2m, 0-_<j-< p - -  1. 
This proves (i). Further, (ii) follows from (i) and Lemma 1. For the 
proof of (iii) we proceed as follows: 
We consider 8m + 2 $m-plaee sequences 
and 
where 
and 
~j, 0<j< - = =p 1 
~,  0~k~p- -1  
~ = ( ( l (10k) )p  ,(2(2 
As we have Mready shown 
Since 
p ' , 
6(a j ,az)  = 2m or 2m-~2,  0 < j~ l  =< p- -  1 (1) 
( 
it follows that 
($(•k,&) -----~(ak,ah) - -2m or 2md-2,  
Now, for0 -_<j, lc ~ p - -  1, let 
S' ~ z(z 
k) (z ® h)'~ 
/ P 
O<=k~h <=p--1 (2) 
k)) 
P 
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~(x(x~) ~(~) 
s;,~ = E = 
X=l p X=I 
=0 
I f j  = 0ork  = 0, then 
~(~; ,~. )  = 2m, o < j -<_ p - i (3)  
~1( ) 
x~l p 
=E or E 
=0 
Thus 
~(~j, ~o) = ~(~o, ~)  = 2m, 
Finally, let j, k ~ 0, j ¢ It. Then 
P-l (x(x ® j)(x ® k)) 
z;~= E X~] p 
O<j<p- -1  (4) 
p--1 
E 
x~p--j,p--l~ 
~(x<x÷~<~÷~) (  =E +2 
x=O p 
since --1 is a quadratic residue rood p. As 
(cf. Hasse, 1934), therefore 
+ ,,-F-z,,~/,,---~/ 
< 2v~ 
LOWEI~ BOUNDS ON THE NUMBER OF CODE POINTS. I 319 
It follows that 
2m- -  VP  -- 1 < 8(a~,2~) =< 2m-+- VP  + 1, 
and since 8(a~, ilk) is an integer, we have 
2m -- [W/p} -- 1 =< 6(a~, 2k) < 2m-}- [W/p] -b 1, 
(5) 
j , k~O, . i~k  
(1), (2), (3), /4), (5) and Lemma 1 prove (iii) 
RE~aK 1. The method used for proving (iii) can be employed to 
yield a similar result for primes of the form 4m - 1. 
REMARK 2. The only already known lower bound is due to Gilbert 
(1952) who proved that 
2 ~ IM(~, d) i > 
= 1 + nC1 q- . . .  q-~'Cd-1 
For the cases considered in Theorem 3 Gilbert's lower bounds ~re rather 
poor since all that they assert is that the number of points in a maximal 
code is greater than some quantity which turns ou~ to be bounded as 
7)~ --+ c~. 
We are grateful to the referee for pointing out an obscurity in t.he 
proof of Theorem 2 (iii). 
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